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Abstract
By utilizing Nevanlinna’s value distribution theory of meromorphic functions, it is shown that the
following type of nonlinear differential equations:
f n(z) + Pn−3(f ) = p1eα1z + p2eα2z
has no nonconstant entire solutions, where n is an integer 4, p1 and p2 are two polynomials ( ≡ 0),
α1, α2 are two nonzero constants with α1/α2 = rational number, and Pn−3(f ) denotes a differential
polynomial in f and its derivatives (with polynomials in z as the coefficients) of degree no greater
than n − 3. It is conjectured that the conclusion remains to be valid when Pn−3(f ) is replaced by
Pn−1(f ) or Pn−2(f ).
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Let C denote the complex plane and f (z) a nonconstant function meromorphic on C.
The value distribution theory was derived and developed by R. Nevanlinna in 1925, with
the well-known Jensen formula as the starting point. The theory mainly consists of the
so-called first and second fundamental theorems, expressed in terms of three quantities
T (r, f ), m(r,f ) and N(r,f ) associated with a given function f ; they are called charac-
teristic function, proximate function and counting function of f , respectively. Throughout
the paper, S(r, f ) will be used to denote any quantity that satisfies S(r, f ) = o(1)T (r, f )
as r → ∞, outside possibly an exceptional set of r values of finite linear measure. We shall
call a meromorphic function a(z) a small function of f (z) if T (r, a) = S(r, f ). Note that a
polynomial is a small function of an arbitrary transcendental meromorphic function. Also
note that the estimation m(r,f (k)/f ) = S(r, f ) plays a very important role in the studies
of the growth of property of meromorphic functions, especially on meromorphic solutions
of differential equations in complex plane. An algebraic differential polynomial P(f ) in f
is a polynomial in f and its derivatives with polynomials as the coefficients. We shall use
Pn(f ) to denote an algebraic differential polynomial in f with a total degree (in f and its
derivatives) at most n. We refer the reader to the book [5] for the details of the Nevanlinna
theory and its standard notations.
Moreover, Nevanlinna’s value distribution theory of meromorphic functions has been
used to study or tackle the growth, oscillation, solvability and existence of entire or
meromorphic solutions of differential equations in complex domains, see, e.g., [4,6]. Cur-
rently, for the solutions of a certain type of nonlinear differential equations, see, e.g.,
[3,8,9]. Specifically, it is shown in [9] that the equation 4f 3 + 3f ′′ = − sin 3z has exactly
three nonconstant entire solutions, namely f1(z) = sin z, f2(z) =
√
3
2 cos z − 12 sin z, and
f3(z) = −
√
3
2 cos z − 12 sin z. Furthermore, in [9] the following general result is obtained.
Theorem A. Let n  3 be an integer, Pn−3(f ) be an algebraic differential polynomial
in f of degree  n − 3, b(z) be a meromorphic function, and λ, c1, c2 be three nonzero
constants. Then the differential equation
f n(z) + Pn−3(f ) = b(z)
(
c1e
λz + c2e−λz
) (1)
has no transcendental entire solutions f (z), that satisfy T (r, b) = S(r, f ).
2. Preliminary lemmas and results
In this note, we shall derive similar conclusions when the term on the right-hand side of
Eq. (1) is replaced by p1eα1z + p2eα2z, where p1,p2 are nonzero polynomials, α1, α2 are
two constants with α1/α2 = rational numbers, by an argument slightly different from that
has been used in proving Theorem A.
We need the following lemmas to prove the theorems.
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in the plane and that
f n(z)P (f ) = Q(f ),
where P(f ) and Q(f ) are differential polynomials in f with functions of small proximity
related to f as the coefficients and the degree of Q(f ) is at most n. Then
m
(
r,P (f )
)= S(r, f ).
Lemma 2. [7] Let n,m be positive integers satisfying 1/n + 1/m  1. Then there ex-
ist no transcendental entire solutions f and g that satisfy the equation a(z)f n(z) +
b(z)gm(z) = 1, with a, b being small functions of f and g, respectively.
Lemma 3. [5] Suppose that f is a nonconstant meromorphic function and F = f n +
Q(f ), where Q(f ) is a differential polynomial in f with degree  n − 1. If N(r,f ) +
N(r,1/F ) = S(r, f ), then
F =
(
f + γ
n
)n
,
whereby γ is meromorphic and T (r, γ ) = S(r, f ).
Lemma 4. [9] Suppose that c is a nonzero constant and α is a nonconstant meromorphic
function. Then the equation
f 2 + (cf (n))2 = α
has no transcendental meromorphic solution f satisfying T (r,α) = S(r, f ).
Theorem 1. Let n 4 be an integer and Pd(f ) denote an algebraic differential polynomial
in f of degree d  n−3. Let p1,p2 be two nonzero polynomials, α1 and α2 be two nonzero
constants with α1/α2 = rational. Then the differential equation
f n(z) + Pd(f ) = p1eα1z + p2eα2z (2)
has no transcendental entire solutions.
Proof. Let f be a transcendental entire solution of (2). By differentiating both sides of
Eq. (2), we have
nf n−1f ′ + (Pd(f ))′ = (p1α1 + p′1)eα1z + (p2α2 + p′2)eα2z. (3)
By eliminating eα1z from (2) and (3), we have(
p1α1 + p′1
)
f n − np1f n−1f ′ + Qd(f ) = βeα2z, (4)
and (
p2α2 + p′2
)
f n − np2f n−1f ′ + Rd(f ) = −βeα1z, (5)
where
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Qd(f ) =
(
p1α1 + p′1
)
Pd(f ) − p1
(
Pd(f )
)′
, (7)
and
Rd(f ) =
(
p2α2 + p′2
)
Pd(f ) − p2
(
Pd(f )
)′
. (8)
By differentiating (4), we have
(
p1α1 + p′1
)′
f n + np1α1f n−1f ′ − n(n − 1)p1f n−2f ′2
− np1f n−1f ′′ +
(
Qd(f )
)′ = (β ′ + βα2)eα2z. (9)
By eliminating eα2z from (4) and (9), we get
f n−2
{
γ1f
2 − np1γ2ff ′ + n(n − 1)p1βf ′2 + np1βff ′′
}= Td(f ), (10)
where γ1 = (β ′ + βα2)(p′1 + p1α1) − β(p′1 + p1α1)′, γ2 = β ′ + α1β + α2β and
Td(f ) = β
(
Qd(f )
)′ − (β ′ + βα2)Qd(f ). (11)
Set
ϕ = γ1f 2 − np1γ2ff ′ + n(n − 1)p1βf ′2 + np1βff ′′, (12)
which is a differential polynomial in f of degree  2. By Lemma 1, we have m(r,ϕ) =
S(r, f ). Therefore,
T (r,ϕ) = S(r, f ). (13)
We show ϕ ≡ 0. Otherwise, by Eq. (10), Lemma 1, and that f is entire, we
have T (r, f ϕ) = m(r,f ϕ) = S(r, f ) and T (r,ϕ) = m(r,ϕ) = S(r, f ). Thus T (r, f ) =
T (r, 1
ϕ
f ϕ) T (r,ϕ) + T (r, f ϕ) + O(1) = S(r, f ), which is an absurd for a transcenden-
tal function f . Thus ϕ ≡ 0 and, hence, from (10), it follows that Td(f ) ≡ 0.
If Qd(f ) ≡ 0, then from (11), we get
(Qd(f ))
′
Qd(f )
= β
′
β
+ α2. (14)
Therefore,
Qd(f ) = c1βeα2z, (15)
where c1 is a nonzero constant. It follows from (15) and (4) that
f n−1
{(
p1α1 + p′1
)
f − np1f ′
}+
(
1 − 1
c1
)
Qd(f ) = 0. (16)
By using Lemma 1 and the arguments similar to that of above, we have(
p1α1 + p′1
)
f − np1f ′ ≡ 0, (17)
which implies that
f n = c2p1eα1z, (18)
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c2 = 1. It follows that
f n = p1eα1z, Pd(f ) = p2eα2z. (19)
Therefore,
f = q1e
α1
n
z, Pd(f ) = q2e
dα1
n
z, (20)
where q1 and q2 are polynomials, d = degPd . Hence α1/α2 = n/d is a rational number,
which contradicts the assumption.
If Qd(f ) ≡ 0, then from (7), we have(
p1α1 + p′1
)
Pd(f ) − p1
(
Pd(f )
)′ ≡ 0. (21)
From (2) and by Lemma 2, we see that Pd(f ) ≡ 0. It follows from the above equation that
Pd(f ) = c3p1eα1z, (22)
where c3 is nonzero constant. This and (2) yield
f n +
(
1 − 1
c3
)
Pd(f ) = p2eα2z. (23)
By Lemma 3, we can derive that
f n = p2eα2z, (24)
thus c3 = 1, and
Pd(f ) = p1eα1z. (25)
This time we can deduce that α1/α2 = d/n is a rational number, which contradicts the
assumption, and completes the proof of Theorem 1. 
When α1/α2 is a rational number, we have the following result.
Theorem 2. Let n 3 be an integer and Pd(f ) denote an algebraic differential polynomial
in f of degree d  n−2. Let p1,p2 be two nonzero polynomials, α1 and α2 be two nonzero
constants with α1/α2 = s/t , where s and t are positive integers satisfying s/t  n/(n− 1)
and s/t = n/d . Then the differential equation in (2) has no transcendental entire solutions.
Proof. Let f be a transcendental entire solution of (2). As in the proof of Theorem 1,
(3)–(13) still hold.
We distinguish two cases below.
Case 1. If ϕ ≡ 0, then it follows from (10) and (11) that
β
(
Qd(f )
)′ − (β ′ + βα2)Qd(f ) = 0. (26)
If Qd(f ) ≡ 0, then as in the proof of Theorem 1, we can deduce α1/α2 = d/n < 1, which
contradicts the assumption. If Qd(f ) ≡ 0, then we can obtain α1/α2 = n/d , which also
contradicts the assumption.
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m
(
r,
1
f
)
= S(r, f ). (27)
Since α1/α2 = s/t , it follows from (4) and (5) that
f s(n−1)
((
p′1 + p1α1
)
f − np1f ′ + Qd(f )
f n−1
)s
= (−1)tβs−t((p′2 + p2α2)f n − np2f n−1f ′ + Rd(f ))t . (28)
The right-hand side of the above equation is a differential polynomial in f of degree at
most nt  s(n − 1). Therefore, by Lemma 1,
m
(
r,ψ + Qd(f )
f n−1
)
= S(r, f ), (29)
where ψ = (p′1 + p1α1)f − np1f ′. From (27), we can obtain m(r,Qd(f )/f n−1) =
S(r, f ). Therefore, m(r,ψ) = S(r, f ). Thus,
T (r,ψ) = S(r, f ). (30)
If ψ ≡ 0, then by the arguments similar to that in Case 1 we can get a contradiction. In the
following, we suppose ψ ≡ 0. By the definition of ψ , we have
f ′ = p
′
1 + p1α1
np1
f + ψ
np1
. (31)
Substituting this into (4) yields
ψf n−1 + Qd(f ) = βeα2z. (32)
Since the left-hand side of the above equation is a polynomial in f of degree n − 1, by
Lemma 3, there exists a meromorphic function β1 satisfying T (r,β1) = S(r, f ) such that
ψf n−1 + Qd(f ) = ψ
(
f + β1
n − 1
)n−1
= βeα2z. (33)
From (31) and (33), we can see that β1 ≡ 0. From (32) and (2), we get
f n + Pd(f ) − p2ψ
β
f n−1 − p2
β
Qd(f ) = p1eα1z. (34)
By Lemma 3, there exists a meromorphic function β2 satisfying T (r,β2) = S(r, f ) such
that
f n + Pd(f ) − p2ψ
β
f n−1 − p2
β
Qd(f ) =
(
f + β2
n
)n
= p1eα1z. (35)
By comparing the coefficients of the polynomials in f in (35), we see that β2 = −(p2ψ)/β .
If β1/(n − 1) ≡ β2/n, then by Nevanlinna’s second fundamental theorem related to small
functions, we have
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(
r,
1
f + β1/(n − 1)
)
+ N
(
r,
1
f + β2/n
)
+ S(r, f ) S(r, f ),
which is impossible. Hence β1/(n − 1) ≡ β2/n. Therefore,
ψ
(
f − p2ψ
nβ
)n−1
= βeα2z (36)
and (
f − p2ψ
nβ
)n
= p1eα1z. (37)
The above two equations yield α1/α2 = n/(n − 1), and
f = p2ψ
nβ
+ qe α1n z, (38)
where q is a polynomial. From (31) and (38), we have
p′1 + p1α1
np1
qe
α1
n
z + p
′
1 + p1α1
np1
· p2ψ
nβ
+ ψ
np1
=
(
q ′ + q α1
n
)
e
α1
n
z +
(
p2ψ
nβ
)′
.
Therefore,
p′1 + p1α1
np1
· p2ψ
nβ
+ ψ
np1
=
(
p2ψ
nβ
)′
.
This and (6) yield
n
(
p2ψ
β
)′/(
p2ψ
β
)
= (n + 1)p
′
1
p1
− np
′
2
p2
+ 2α1. (39)
Hence
e2α1z = c6 p
n
2
pn+11
(
p2ψ
β
)n
, (40)
where c6 is a nonzero constant. From (37) and the above equation, we deduce T (r, f ) =
S(r, f ), a contradiction. This also completes the proof of Theorem 2. 
Clearly it is easy to see that our previous arguments can lead to the following:
Theorem 3. There exists no entire solutions for the differential equation of the form
f n + Pd(f ) = p1eλz + p2e−λz,
where p1,p2 and λ are nonzero constants, Pd(f ) is a differential polynomial in f (with
polynomials of z as the coefficients) of degree d  n − 2, and not all the coefficients of
Pd(f ) are constants.
Finally, as an illustration, we prove the following result, which is a generalization of
Theorem 4 in [9].
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f 3 + af ′′ = p1eλz + p2e−λz (41)
has transcendental entire solutions if and only if the condition p1p2 + (aλ2/27)3 = 0
holds. Moreover, if this condition holds, then the solutions of the above equations are
f (z) = ρj eλz/3 −
(
aλ2
27ρj
)
e−λz/3, j = 1,2,3, (42)
where ρj (j = 1,2,3) are the cubic roots of p1.
Proof. Suppose that f is an entire solution of (41). By differentiating (41), we get
λ−1
(
3f 2f ′ + af ′′′)= p1eλz − p2e−λz. (43)
Taking the square of (43) and then minus the square of (41), we get
f 4
(
λ2f 2 − 9(f ′)2)= Q(f ), (44)
where
Q(f ) = 4λ2p1p2 − 2λ2af 3f ′′ − λ2a2(f ′′)2 + 6af ′f ′′′ (45)
is a differential polynomial in f of degree 4. Set
α = λ2f 2 − 9(f ′)2. (46)
Then we have f 4α = Q(f ). By Lemma 1, we can deduce that T (r,α) = S(r, f ). There-
fore, α is a small function of f .
If α ≡ 0, then it follows from (46) that f = ceλz/3 or f = ce−λz/3. Substitute this into
(41) will yield a contradiction.
If α ≡ 0, then by Lemma 4 α is a nonzero constant. Taking the derivative on both sides
of (46), and note that f is transcendental, we get λ2f − 9f ′′ = 0. The general solution of
this equation is
f (z) = c1eλz/3 + c2e−λz/3,
where c1 and c2 are constants. Substituting it into (41) gives
(
c31 − p1
)
eλz + (c32 − p2)e−λz + (27c1c2 + aλ2
)(
c1
9
eλz/3 + c2
9
e−λz/3
)
= 0. (47)
Since eλz, e−λz, eλz/3, e−λz/3 are linear independent over C, we get from the above equa-
tion that
c31 = p1, c32 = p2, 27c1c2 + aλ2 = 0. (48)
Therefore, c1 = ρj , j = 1,2,3, are the cubic roots of p1. And c2 = −aλ2/(27ρj ) sat-
isfy p1p2 + (aλ2/(27ρj ))3 = 0. Finally, we deduce that the solution of (41) must be the
function in (42). 
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Remark. It appears that the same conclusion of Theorem 1 holds if the term on the right-
hand side of Eq. (2) is replaced by p1(z)eq1(z) + p2(z)eq2(z), where q1(z) and q2(z) are
two polynomials, without constant terms, such that q1/q2 ≡ rational number. It is easily
seen this condition is needed, for example, if n = 4, f (z) = ez and Pn−3(f ) = f ′, then
f 4 + f ′ = e4z + ez.
In connecting with the results above, we would like to pose the following conjectures
for further investigation.
Conjecture 1. Theorem 1 remains to be valid if d  n − 1.
Conjecture 2. Let α1 and α2 be two nonzero complex numbers with α1/α2 = rational
number. Let p1,p2 be two polynomials (≡ 0) and Pn(f ) be an algebraic differential poly-
nomial of degree  2 which has only one term in f and its derivatives with degree equal
to n. Then the differential equation
Pn(f ) = p1eα1z + p2eα2z
has no transcendental entire solution f (z).
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